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0\ ■ Abstract 

In this paper we study the existence of a solution for one-dimensional generalized backward 
I stochastic differential equation (GBSDE for short) with two reflecting barriers under weak assump- 

■ tions on the coefficients. In particular, we construct a maximal solution for such a GBSDE when 

the terminal condition ^ is only J-r— measurable and the driver / is continuous with general growth 
with respect to the variable y and stochastic quadratic growth with respect to the variable z without 
assuming any P— integrability conditions. The proof of our main result is based on a comparison 
theorem, an exponential change and an approximation technique. 

Finally, we give applications of our result to the Dynkin game problem as well as to the American 
game option. We prove the existence of a saddle-point for this game under weaker conditions in a 
general setting. 



(N 

> , 

0^ , Keys Words: Reflected backward stochastic differential equation; stochastic quadratic growth; com- 

' parison theorem; exponential transformation, Dynkin Game, American game option. 

CN ; AMS Classification (^^55^;: 60H10, 60H20. 

00 ! 1 Introduction 
O 

Backward stochastic differential equations (BSDEs for short) have been introduced long time ago by J. 
B. Bismut \§l both as the equations for the adjoint process in stochastic control as well as the model 
' behind the Black and Scholes formula for the pricing and hedging of options in mathematical finance. 

^ , However the first published paper on nonlinear BSDEs appeared only in 1990, by Pardoux and Peng 

[M] . A solution for such an equation is a couple of adapted processes ( Y, Z) with values in M x M'^ 
satisfying 

Yt^^ + J^ f{s,Ys,Zs)ds- ZsdB,, 0<t<T. (1.1) 

In |24| , the authors have proved the existence and uniqueness of the solution under conditions including 
basically the Lipschitz continuity of the generator /. The relevance of BSDEs can be motivated by their 
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many applications in mathematical finance, stochastic control and the second order PDE theory (see, 
for example, [TTl [T71 [251 [Ml 13 IHl HO] and the references therein). 

The notion of reflected BSDE has been introduced by El Karoui et al [13]. A solution of such an 
equation, associated with a coefficient /; a terminal value ^ and a barrier L, is a triple of processes 
(Y, Z, K) with values in M. x x JR+ satisfying: 

Yt^i + j^ f{s,Ys,Z,)ds + KT-Kt^ ZsdBs, Yt > Lt yt<T. (1.2) 
Here the additional process K is continuous nondecreasing and its role is to push upwards the process 

r 

Y in order to keep it above the barrier L and moreover it satisfies / (Ys — Ls)dKs — 0, this means 

Jo 

that the process K acts only when the process reaches the barrier L. The authors of [13] have proved 
the existence and uniqueness of the solution when ^ is square integrable, / is uniformly Lipschitz with 
respect to (y, z) and L is square integrable and continuous. They also studied the relation with the 
obstacle problem for nonlinear parabolic PDE's. In the Markov framework, the solution Y of reflected 
BSDE provides a probabilistic formula for the unique viscosity solution of an obstacle problem for 
a parabolic partial differential equation. El Karoui, Pardoux and Quenez pij found that the price 
process of an American option is the solution of a RBSDE. Bally et al [3] have established the relation 
of RBSDEs and variational inequalities in the sobolev sense. 

BSDE with two reflecting barriers has been first introduced by Civitanic and Karatzsas A 
solution for such an equation, associated with a coefficient /; terminal value ^ and two barriers L and 
U, is a quadruple of processes (Y, Z, K^,K^) with values in M x M'^ x 1R+ x 1R+ satisfying: 



(t) Yt^^+ f f{s,Ys,Z,)ds+ f dKt-f dK- - f Z,dB,,t<T, 
Jt Jt Jt Jt 

(1.3) 



{li) ^t<T, Lt<Yt <Ut, 



{lit) / (Yt - Lt)dK+ = / {Ut~ Yt)dK- = 0, a.s., 

Jo _ Jo 
(iv) Kq ~ Kq = 0, K'^,K^, are continuous nondecreasing. 



Here the solution process Y has to remain between L and U due to the cumulative action of processes 
and . In the case of a uniformly Lipschitz coefficient / and a square terminal condition ^ the 
existence and uniqueness of a solution have been proved when the barriers L and U are either regular 
or satisfy Mokobodski's condition which, roughly speaking, turns out into the existence of a difference 
of nonnegative supermartingales between L and U. It has been shown also in [5] that the solution 
coincides with the value of a stochastic Dynkin game of optimal stopping. The link between obstacle 
PDEs and RBSDEs has been given in Hamadene and Hassani ^9J. In Hamadene [IGJ, applications of 
RBSDEs to Dynkin games theory as will as to American game option are given. 

When the generator / is only continuous there exists a solution to Equation (|1.3p under one of the 
following group of conditions : 



• ^ is square integrable, / has a uniform linear growth in y and z, i.e. there exists a constant C 
such that \f{t,Lo,y,z)\ < C(l + \y\ + \z\), and one of the barriers has to be regular, e.g. has to be 
semi- martingale (see Hamadene et al [TBj). 

• ^ is bounded, / has a general growth in y and quadratic growth in z, i.e. there exist a constant 
C and positive function (p which is bounded on compacts such that |/(t, u, y,z)\ < C(l + 0(|?/|) + |zp), 
and the barriers satisfy the Mokobodski's condition (see Bahlali et al [2]). 
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• ^ is square integrable, / has a uniform linear growth in y and z and the barriers are square 
integrable and completely separated i.e. Lt < Ut, Vt G [0,T] (see Hamadene and Hassani [IS]). 



Compared to the previous works, the new features here are. First, we consider a more general equa- 
tion : BSDE with two reflecting barriers L and U which involves integral with respect to a continuous 
and increasing process A. Second, the generator / is continuous with general growth with respect to 
the variable y and stochastic quadratic growth with respect to the variable z of the form Cs{u!) \ z l"^ 
instead of C | z p as usually done. Third, we do not assume the Mokobodski's condition on the barriers 
L and U, we suppose only that there exists a semimartingale between them. Firth, we do not make 
any assumptions on the P-integrability of the data. Finally, in the Dynkin game problem associated 
with L, U, ^ and Q with payoff: 



J(A,0-) = U\l{x<a} + LA{ 



\>a} 



we provide new results on the existence of a saddle-point for the game in a general setting. We prove 
also in the appendix a comparison theorem under general assumptions on the coefficients. 
Roughly speaking, we look for a quintuple of adapted processes {Y, Z, K^,K^) satisfying: 

{t)Yt=^ + J^ f{s,Ys,Z,)ds + g{s,Ys)dA, 

+ J dK+ - J dK- - j ZsdBs ,t<T, 
(li) Vi < T, Lt<Yt< Ut, * (1.4) 

{tii) J [Yt - Lt)dK+ = j (Ut- Yt)dKi = 0, a.s., 

(w) y°e C K+, K- etc °Z e C^^"^, 

(v) dK+ L dK-, 

under conditions including basically the continuity of the drivers / and g and without assuming any 
P-integrability conditions. 

To prove our result we remark that Equation (|1.4p can be transformed into a new one whose 
coefficients are more tractable. Roughly speaking, by using an exponential change, we obtain the 
following GBSDE : 



dR, 



ZsdB,,t < T, 



(1.5) 



(i) Yt = ^ + j fis,Ys,Z,)ds + J g{s,Ys)dA 
iii) Vi < T, lI <Yt< ul 

(^M) / {Yt - Lt)dKt = / {Ut- Yt)dK; - 0, a.s. 

"'0_ "'0 

{iv) dK _L dK , 
where / is negative, g is negative and bounded, ^, L and U are bounded. 

We remark first that Equations (|1.4p and (jl.Sp are equivalent. Second, we show the existence and 
uniqueness of a solution for Equation (jl.4p when / and g are bounded Lipschitz functions and the 
processes L, U, ^, A and R are bounded. Third, we approximate the functions / and g by sequences of 
Lipschitz functions (/«)« and {gn)n and consider the stopped processes dA^ = l^s<:T^^jdAs,n G IV and 

di?^ ~ l{s<T.}(ii?s, i e IN, where (t„)„>o is the family of stopping times defined by t„ ~ inf{s > : 
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As+Rs+Cs+ / 7]rdr > n}AT. We show, with the help of a comparison theorem, that the approximating 
Jo 

process (y.*^ if"'*") converges, in some sense, to the processes {Y,Z,K ,K ) which is 

the maximal solution of Equation (|1.5p . Finally, a logarithm transform leads to the solution of the 
initial problem. 

As a first application we deal with the Dynkin game associated with L, [/, ^ and Q with payoff: 

J(A, (t) = C/a1{A<<t} + Lcrl{\ya} + Qai{a=\<T} + £,^{a=\=T}- 

The setting of this problem is the following. There are two players labelled player 1 and player 2. Player 
1 chooses the stopping time A, player 2 chooses the stopping time a, and J(A, a) represents the amount 



paid by player 1 to player 2. It is the conditional expectation E yF{J{X, a)) \ Tt) of this random payoff 

that player 1 tries to minimize and player 2 tries to maximize. The game stops when one player decides 
to stop, that is, at the stopping time A A a before time T or at T if A = = T. The problem is to find 
a fair strategy of stopping times (A*, a*) for player 1 and player 2 such that 

E(^F{J{\*,a))^ < e(^F{J{X*,(t*))^ < e(^F{J{X,(t*))^ , for any stopping times A, cr. 

We show that this game is closely related to the notion of the solution of our BSDE as it is done in [5] . 
Moreover we prove the existence of this fair strategy under conditions out of the scope of the known 
results on the subject of the connection between RBSDE and Dynkin games, e.g. the barriers L and U 
are just L^-integrable. 

Our result is applied also in mathematical finance when we deal with American game option or a 
game contingent claim which is a contract between a seller A and a buyer B which can be terminated 
by A and exercised by B at any time t e [0, T] up to a maturity date when the contract is terminated 
anyway. The buyer pays an initial amount which guarantees him a wealth {Lt)t<T- The buyer can 
exercise when he wants before the maturity T of the option. If he decides to exercise at a he gets an 
amount L„. On the other hand, if the seller choose A as termination time he pays an amount Ux. Now 
if the seller and the buyer decide together to stop the contract at the same time a then B gets a reward 

Q<T^{a<T} + Cl{cr=T}- 

Let us describe our plan. First, most of the material used in this paper is defined in Section 2, an 
exponential transformation for our GBSDE with two reflecting barriers is also given. In Section 3, with 
the help of the comparison theorem and using an approximation technique, we prove the existence of 
a maximal solution for the transformed BSDE and then equivalently the existence of maximal solution 
for our GBSDE with two reflecting barriers. In section 4, we give applications to the Dynkin game as 
well as to the contingent claim game. Finally, an appendix is devoted to the proof of a comparison 
theorem for a general GBSDE with two reflecting barriers as well as the existence and uniqueness of 
a solution of Equation (|1.4[) when the coefficients / and g are bounded Lipschitz functions and the 
processes L, U, A and R are bounded. 

2 Problem formulation, assumptions and exponential transfor- 
mation for GBSDE 

2.1 Assumptions and remarks 

Let (ri,-F, {J-t)t<T, P) be a stochastic basis on which is defined a Brownian motion {Bt)t<T such that 
{^t)t<T is the natural filtration of {Bt)t<T and J-q contains all P-null sets of T. Note that {J-t)t<T 
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satisfies the usual conditions, i.e. it is right continuous and complete. 
Let us now introduce the following notations : 

• V the sigma algebra of J^f -progressively measurable sets on J7 x [0,r]. 

• C the set of iR-valued "P-measurable continuous processes {Yt)t<T- 

• C'^'''' the set of iR'^-valued and 'P-measurable processes {Zt)t<T such that 



• /C the set of P-measurable continuous nondecreasing processes {Kt)t<T such that Kq = and 
Kt < +00, P- a.s. 

• /C — /C the set of "P-measurable and continuous processes {Vt)t<T such that there exist V^, V~ G /C 
satisfying : V = — V~ . 

• the set of P-measurable continuous nondecreasing processes {Kt)t<T such that Kq = and 
EK'^ < +00. 

Throughout the paper we assume that the following conditions hold true: 

• L := {Lt, <t <T} and U := {Ut, <t <T} are two real valued barriers which are P- 
measurable and continuous processes such that Lt < Ut, Vt G [0,T]. 

• ^ is an J-y-measurable one dimensional random variable such that Lt < ^ < J7t- 

• / : f2 X [0,T] X iR^+'' — > M is a function which to {t,uj,y,z) associates f{t,uj,y,z) which is 
continuous with respect to (y, z) and P-measurable. 

• g : ^ X [Q,T] X M — > M is a function which to {t,u),y) associates g{t,oj,y) which is continuous 
with respect to y and P-measurable. 

• A and R are two processes in /C and IC — K, respectively. 

Before giving the definition of our GBSDE with two reflecting barriers L and U , we need to recall 
the following definition of two singular measures. 

Definition 2.1. Let fii and 112 be two positives measures defined on a measurable space (A, S), we say 
that /ii and ^2 are singular if there exist two disjoint sets A and B inY, whose union is A such that fi\ 
is zero on all measurable subsets of B while fi2 is zero on all measurable subsets of A. This is denoted 
by Hi ± 112- 

Let us now introduce the definition of our GBSDE with two reflecting obstacles L and U. 

Definition 2.2. We call {Y,Z,K+,K-) := {Yt,Zt,K^ ,Kt)t<T a solution of the GBSDE with two 
reflecting barriers, associated with coefficient fds + gdAg + dR^; terminal value ^ and barriers L and 




• M^''^ the set of iR'^-valued and P-measurable processes {Zt)t<T such that 
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U, if the following hold : 
(0 



Yt^^ + J^ f{s,Ys,Zs)ds + dRs+J^ 9{s,Y,)dA, 



dK: 



dK: 



ZsdBs,t<T, 



(ii) Y between L and U, i.e. \/t <T, Lt < Yt < Ut, 

(iii) the Skorohod conditions hold : 

J {Yt - Lt)dK+ ^ j [Ut- Yt)dKi = 0, a.s., 

(iv) YeC K+,K-elC ZeC^^'', 

[ {v) dK+ ± dK-. 

Next, we are going to suppose weaker conditions on the data under which the GBSDE 
solution. We shall need the following assumptions on / and g : 

(A.l) There exist two processes 77 e L°(fi, L^([0, T], iR+)) and C eC such that: 



(2.6) 



has a 



V(s,a;), |/(s,a;,2/, z)| < //^(w) 



Cs{uj) 



(A.2) For all {s,uj), < 1, Vy £ [i,H,[/,H]. 

For instance, Equation (|2.6p may not have a solution. Take, for example, L = U with L not being a 
semi- martingale then obviously we can not find a 4-uple which satisfies ii) of Equation (j2.6p . Therefore, 
in order to obtain a solution, we are led to assume : 



(A.S) There exists a continuous semimartingale S, = Sq + V^ — V~ + / agdBs, with So G IR, V~^, V~ € 

Jo 

JC and a G such that 

Lt<St < Ut, yt e [o,r]. 

(A.4) Lt<0< Ut, Vt G [0,T]. 

Let us now give some remarks on the assumptions. 

Remark 2.1. We have the following remarks. 

1. It is not difficult to see that if L or U is a continuous semimartingale, then {A. 3) holds true. 
Moreover if the harriers processes L and U are completely separated on [0,r], i.e. Lt < Ut, G 
[0,r], then {A. 3) holds also true. Indeed, let fit — sup(| Lg \ + \ Us |). Since L and U are 



continuous then \/t G [0,r], 



< 1 and 



< I. It follows then from Hamadene and Hassani 



J19\j that there exists a continuous semimartingale S such that < St < , G [0,r]. Hence, 

_ Pt Pt 

the continuous semimartingale SP is between L and U . 

2. By taking Yt — St instead ofYt one can suppose, without loss of generality, that the semimartingale 
S — Q. Hence assumption {A.4) will he assumed instead of {A. 3). 
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3. It should he noted that conditions (A.l) and (A. 2) hold true if the functions f and g satisfy the 
following: V(s,a;), Vy e [Ls{uj),Us{oj)], Vz G M"^, 

\f{s,uj,y,z)\ < rjs{uj) + (l){s,UJ,y) + tp{s,u,y)\z\'^ , 

and 

V(s,w), \g{s,u,y)\ <r]s{uj) + ip{s,uj,y), \/y e [Ls{uj),Us{uj)], (2.7) 

where (j), ip and ip are continuous functions on [0, T] x IR and progressively measurable, 

7j G L°{n,L^{[0,T],ds,lR+)) and fj e L°{n, L^{[0,T],dAs, 1R+)). To see that we just take, in 

condition {A.l), rj and C as follows : 

rit (uj) = rjt{uj) + snp sup \4}{s,uj,aLs + {I - a)Us)\, 

s<t qG[0,1] 

Ct{uj) — 2sup sup \ip{s,u!,aLs + {1 — a)Us)\. 

s<t ae[o,i] 

This means that the function f can have, in particular, a general growth in y and quadratic growth 
in z. Now suppose that the driver g satisfies condition l\2.7^ . then for all {t,uj) we have 

< +sup sup \ip{s,UJ,aLs + {l-as)Us)\:^'qt{uj) <'qt{uj) + l. 

8<t ae[0,l] 

Now, if you take ' ^ and (l + rjAdAt instead ofg(t,y) and dAt respectively in equation i2.6\) (i). 
we have {A. 2). 

2.2 Exponential change for GBSDE with two reflecting obstacles 

In this part, by using an exponential change, we transform the GBSDE into a new one whose coefficients 
are more tractable. This transformation allow us, in particular, to bound the terminal condition and 
the barriers associated with the transformed GBSDE. 

Let \R\ be the total variation of the process R and define the processes m, ^, L, U, 'g, f and A as follows: 

• ms^snp\Ur\+2snp\Cr\ + \R\s+As + l. 

r<s r<s 

-t _^ g(s,(y vis) aF,) -4m, . 

• 9{s,v)^ , with 

y)=y \ msgis, h ms)- h m,-^ — + (m, ) , y > 0, 

\ TUs urns arris J 

• f{s,y,z) ^ f{s,{yV Ls) AUs,z) -rjsrus, with 

f{s,y,z) = y(msf{s, + m„ ^) - {^"j , y > 0, z G 1?^ 

V ms rusy 2y^ J 

• dAs — Smgdms and dRs — 2dAs + rismgds. 

Proposition 2.1. Assume that assumptions (A.l), {A. 2) and (A. 4) hold. Then we have : 
1. yt e [0,T], 0<Lt< e-< < 17* < < 1 andZr <1<Ut- 



7 



2. The function f is V -measurable and continuous with respect to {y,z) satisfying: \/{s,uj) G [0,T] x 

|2|2 

- risms - ^ < f{s,uj,y,z) <risms. (2.8) 

3. For all s(E[0,T],yelRandz(ER'^ 

- 27?, m, <J{s,y,z) < 0. (2.9) 

4. For all {s,u) e [0,T] and ye [Ls{oj),1Js{lo)] 

\g{s,y)\<4:ms, and -l<g{s,y)<Q. (2.10) 

5. dR is a positive measure. 

Proof. Assertion 1. follows easily from assumption (A. 4) and the fact that mt — 1 > Ut, Vt G [0, T]. 
Let us prove assertion 2. It is not difhcult to see that / is P-measurable and continuous with respect 
to (y, z) since / is. It remains to prove inequality (|2.8p . Let (s, u) e [0, T] x ft, y G [Ls{uj), C/s(w)] and 
z e M'^, by condition (A.l), we have 

7/ --^ . Cs \z\^ , \z\^ 

f{s,u:,y,z) <y^m^,(rjs + --^)-^ 

<e-m.,. + (^-i)M! 
< e '^rUsTis, 

since y <Us < e^^ and 5 0, Vs £ [0,T] . On the other hand, by using condition (A.l), we 

get also that 

f{s,u,y,z) >y^m,i-r,,---^)-^j 

> -e msVs -{2^ + 

> -e '-jn^ris - 
since y > > and ^ + i < 1, Vs G [0, T]. 

Inequality (|2.9p follows easily from inequality (j2.8p and then we get assertion 3. holds. 

Assertions 4- and 5. follow immediately from assumption (A. 2) and the definition of m. ■ 

Suppose now that Equations (|2.6p has a solution {Y, Z, K^, K^) and define the processes Y , Z, 
and K as follows : 

F. = e" \ Z. = m.F.Z , dir;^ = mLdK+, dK^ ^ mUdR-. (2.11) 
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Then (r, Z,K^,K ) is satisfying the following GBSDE 



W Yt = ^+ f{s,Ys,Zs)ds+ gis,Y,)dAs+ dR 



dK^ - / dA- - / Z,dB,,t < T, 



(m) Vi < T, Lt <Yt< Ut 



(2.12) 



/ [Yt - Lt)dKt = / (C/t - Yt)dKt = 0, a.s. 
^ J0_ 

(iv) YeC K ,K e/C ZejC^'^, 

(v) dK^ ± dK^, 

where ^, /, R, L and [/ are given above. More precisely, we have the following. 

Proposition 2.2. Equations l\2.6} and l\2.12l are equivalent, in the sense that if there exists a solution 
( resp. maximal solution ) to one of them then there exists a solution ( resp. maximal solution ) for the 
other. 

Proof. Suppose that Equation (12. 6p has a solution (resp. maximal solution), say {Y,Z,K^ ,K^). It 
follows from Ito's formula that 



„mT{YT-mT) 



rUse 



rrbs {Ys—rris ) 



(/(s, y„ Z,)ds + dK+ - dK- - Z.dBs) 



+ mse"'^^^^--"'^\g{s,Ys)dAs+dRs)+ e™=(^=~™=)TO,dm 



„m.(n-r«.)(y^ - m,)dm, - i /" e™=(^»~"=) | m«Z, p ds. 



Henceforth 



,(Ys-m^) 



{msf{s,Ys,Zs) - - I rUsZs \'^)ds 



+ e'^'^^'-'^'\2ms-Ys)dms+ I m,e™=(^=-'"-)dii:+ 



rUge 



a^AYs-m.)^ Z,dB 



-^nis (Ys — rn 



T 



dRs 
dm,. 



dm,, 



Then it is clear that (F, Z,K ,K ), defined by (12.111) and associated with coefficient fds + gdAg + dRg, 
is a solution (resp. maximal solution) of Equation (|2.12p . Conversely, Suppose that there exists a 
solution (resp. maximal solution) (Y, Z,K ,K ) for Equation (|2.12p . Hence, by setting, for alH < T 

ln(F,) Zt ± dKf 

Yt = h mt, Zt = — dKf = — 

mt mtYt mtYt 



one can see that (Y, Z, , K ) is a solution (resp. maximal solution) for Equation (|2.6p . 
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Now, by taking advantage of Propositions 2.1 and 2.2, our problem is then reduced to find a maximal 
solution to the following GBSDE : 



+ 



dK: 



g{s,Ys)dAs + 

T 

ZsdBs,t<T, 



dRs 



[li) yt <T, Lt<Yt< Ut 



[III 



(iv) 



I {Yt~Lt)dK+^ [ {Ut~Yt)dK^ 

Jo JQ 

YeC K+,K-elC ZeC^^"^, 



0, a.s. 



I, (v) dK+ ± dK-, 
under the following assumptions : 

(H.O) dR > 0, I.e. ReK.. 

(H.l) There exist two processes 77 e L^{n,L^{[0,T],]R+)) and C £ C such that: 



V(s,w), -r]s{uj) 



an 



< /(s,w,2/,z) < 0, yy e R, VzeR'^. 



(2.13) 



(H.2) V(s,c^), -l<g{s,w,y)<0, Vy £ 
(H.3) 0<Lt<Ut<l, e [o,r]. 

(H.4) There exists a continuous nondecreasing process S = Sq — V , with Sq E IR, V E IC, such that 
Lt<St<Ut, yte[0,T]. 

We devote the next section to the existence of maximal solution for GBSDE (j2.13p and then equiv- 
alently to the existence of maximal solution for GBSDE 



3 Existence of maximal solution for GBSDE ( |2.13| ) 

Our objective now is to prove that, under assumptions (H.0)-(H.4), Equation (|2.13p has a maximal 
solution (Yt, Zt, , Kf^)t<T, in the sense that for any other (Y^ , Z^, K^'^ , Kf~)t<T of (j2.13p we have 
for aU t<T,Yt> F/, P-a.s. 

3.1 Approximations 

What we would like to do is to approximate the function / and g by sequences of functions and 
gn which satisfies properties 1 — 7 below. We also approximate the processes A and i? by a sequences 
of processes and i?*. With the help of this double approximations, we can construct a maximal 
solution for Equation (|2.13p . 

It is not difficult to prove the following lemma which gives an approximation of continuous functions 
by Lipschitz functions. 

Lemma 3.1. Let fn and gn be two .sequences of functions defined by 

fn{t,y,z)^ sup {f{t,p,q)V {-n) -n\p-y\-n\q- z\}, (3.14) 
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and 

9n{t, y) = s\yp{g{t,p) V (-n) - n\p - y\}. 

Assume that assumptions {H.0)-{H.4) hold. Then we have the following 
1. For all {t, uj, y, z,n) e [0,T] x n x M x M'^ x N, 



(3.15) 



foit,y,z) = > fn{t,y,z) > fn+lit,y,z) > f(t,y,z) > -T]t - yl^l 

2. For all {t, uj, y, n) G [0, T] x x 1? x IN, 

go{t, y) = > gn{t, y) > gn+i{t, y) > g{t, y) > -1. 

3. For all {t, uj, y, z,n) & [0,T] x n x M x M"^ x W, 

-n < fn{s,y,z) < 0. 

4-. fn is uniformly n-Lipschitz with respect to {y,z). 

5. gn is uniformly n-Lipschitz with respect to y. 

6. For all {t,uj) £ [0,T] x il, (/„(t, y, z))„>o converges to f(t,y,z) as n goes to +oo uniformly on 
every compact of M x M"^. 

7. For all {t,uj) e [0,7"] x VL, {gn{t,y))n>o converges to g{t,y) as n goes to +oo uniformly on every 
compact of IR. 



Let (t„)„>o be the family of stopping times defined by 

T„ = inf{s > : As + Rs + Cs + [ rjrdr > n} A T. 

Jo 



(3.16) 



Set dA" — l[s<:T-^ydAs,n G IN and dK^ = l^s<Ti}dRs,i G IN and consider the following BSDE with 
two reflecting barriers 



(z) Yr=i+ fn{s,Yr,Zl^'^)ds+ g„is,Yr)dA^+ dR 



dK. 



(^^) \Jt<T, Lt<Yl''' <Ut. 



dK: 



Z^^'^dBs ,t<T, 



(3.17) 



(iii) J (Yf"^' ~ Lt)dK'^^'+ ^ J {Ut~ Y^'')dK'^^'- = 0, a.s. 



[ (v) dK"^'+ ± dK""''-. 

It follows from Theorem IB . 1 1 fsee Appendix) that Equation (I3.17P has a unique solution. Moreover, for 
all n and i ^ 

lEsup\Yt"''\^+]E f \ Zl'^' I'' ds + E{K:^^'+f <+oo. (3.18) 

t<T Jo 

The following result follows easily from the Comparison theorem fTheorem lA.il in Appendix). 
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Proposition 3.1. Let us suppose that assumptions {H.0)-{H.4) hold. Then we have the following, 
i) Fix n, we get for all i > and t < T 

Lt < Yl'"- < Y^''+^ < Ut, dK''''+ > dK''-'+^+ and dK"^'+^~ > dK"^''" . 



ii) Fix i, we get for all n > and t < T 

Lt < < Ft"'* < Ut, dK''''+ < and dK"+^^'- < dK""''- . 

Proof. Since the family of stopping times (Ti)i>o is increasing then, for all i > 0, dR^ < dK^^^. The 
assertion i) follows by using inequality (j3.18[l and Theorem lA.ll in Appendix. 
Assertion ii) follows also by using Lemma l3. II and Theorem lA.il in Appendix. 

3.2 The study of Equation (l3A7\\ for n fixed 

What we want to do here is to study Equation (|3.17p when n is fixed. Let us set 

• F" sup r"^* 

i 

• dK"^ ~ sup dK"''^~ which is a positive measure. 

i 

• dK"^ ~ inf diC"'*^ which is also a positive measure since K^'^^ < +oo, P — a.s. 

i 

Proposition 3.2. Assume that assumptions (H.0)-{H.4) hold. Then we have the following. 
1. There exists a process 

IE / |Z"'' — ds — > 0, as i goes to infinity. 



2. The process {Y", Z", K"^ , ) is the unique solution of the following GBSDE with two reflecting 
barriers 



i^) = e + / Us, Y:, Z:)ds + / 5„(s, Y:)dA: + / dR 



dK'}+ - / dK"}- - / Zl'dBs ,t<T, 



(it) yt <T, Lt< Ft" < Ut, 



(iii) j [Yt- - Lt)dKl^+ = J {Ut~ Yt^dKr = 0, a.s. 
[ (v) dK"+ ± dK"-. 



(3.19) 



Proof. 1. Let j,i,i' G IN such that j < i < i' and t e [0,Tj] where Tj is defined in p.l6p . Since the 
family of stopping times {Tj)j is increasing, we have 



{dRi - dRl 



dR, 



dRs 



dRs 



dRs = 
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Moreover, by taking advantage of the fact that fn and gn are n— Lipschitz, we get 



+ r i9n{s, vr) - gn{s, Yr'))dA: + £ (dKr+ - dK:-'+) 

' {dK^^'~ - dK^^''~) - J ' {Z^^' - Z'^'')dB, 



idKl'^'- - dK'^'' -)- {Z-^'' ~ Z^^' , dB,) 



where (7"'*'' , q,".»'« and /3"'*'* are bounded by n and (., .) denotes the scalar product m M!^ 
Set e^l := e2"'4?+(2n'+2«)t. Applying Ito's formula to (F"^' - Y^'^'fe^ we get 



{Yr-YrYe^+ e:\z. 



n I ryn.i ryn.i' 1 2 



ds 



= {Y^^^ - y,']-^ Ye^ + 2 e^iYr-^ - Y^ ) [Y^ " Y^ ) + {PV^^ , " ) ] ds 

+2 / ' C^-'''''e'^{YP'' ~ Y^^'^'YdA'^ + [ ' e^(i;"'* - Y^'-''){dKl'''+ - dK^-''+) 



In force of Proposition 13.11 we may conclude that for t e [0,Tj], 

gn^y-n,i _ Yj'-'^'){dKi'''+ - dK]!-''+) < and - /" ' e^(y,"'* - y;''*')(rfii:;'^- - dK]^-''-) < 0. 

and 

(^siYs' -X,' ){Ps -^3^ )ds 



< 2n2 / e';(i;"^* -i;"^*')2(is 



e'^lZ';^' - Z^'^'l^ds. 



Hence it follows that 



1 



(Yr - Yr + e:\zr - zr'?ds 

<ijn^-Y^f)e^^-1 



e:{Yr-Y:mz:'^-z:'\dB,), 

According to Bulkholder-Davis-Gundy inequality, there exists a constant C„ > such that 
IE 



suviYr - Yr'Y + 1 r \zr - zr?ds 

t<Ti ^ Jo 



< CnlE{Y;'/ -Y;fY. 



(3.20) 
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In view of assumption (H.3) and Lebesgue's dominated convergence theorem we have Vj S W, 

1 2 



E 



0, as i, i' goes to + oo. 



As a consequence, there exists Z" G £ ' such that Vj g iV 



/ IZ;*'* - Z^^l^ds — >0, as i goes to + oo. 



Assertion 1. is then proved. 

^. Let us first prove assertion (iv) of Equation p.lOp . In view of passing to the limit in Equation 
we get 



E 



sup {Yr-Y, 

t<Ti 



n\2 



0, as i goes to + oo, 



and then we can conclude that is continuous, i.e. Y" e C. 

It is clear, from Proposition 13.11 that K"'^'^ converges to the continuous and increasing process fC""*". 
Moreover, E{KJ}+f < E{K:^'°+f < +oo, for all n. Therefore K''+ G /C. 

Now, passing to the limit in Equation ([3T7])(i) on [0,Tj], we get also that E{K'!^^Y < +oo, Vj, n. 
Since P[U"^i(tj — T)] = 1, we get < +oo, Vn P-a.s. Then A'"^ G /C. Consequently, assertion 

[iv] of Equation p.l9p is proved. 

Let us now show that (F", Z", iir"+, isT"^) satisfies ii). In view of passing to the limit, as i goes to 
infinity, in the following equation 



fn{s,Y:^\Zr)ds+ g^{s,Yr)dA:+ dR 



Z?''dB, 



We obtain, P— a.s. 



Us,Yr,Z:)ds+ g^{s,Y:)dA:+ dR 



dK 



n,+ 



dK: 



Zl'dB,, 



Since Tj is a stationary stopping time we get P— a.s. 



Yr= e+ / fnis,Y:\zi')ds+ .g„(s,n")dA^+ / dp. 



n,+ 



dK" 



zyBs, 



Hence the process (F", Z", A:"+, if"^) satisfies (i) of Equation ^J^. 

We now prove that the Skorohod conditions (Hi) of Equation (|3.19p is satisfied. 

Since F" = supF"'*, we have 



< / {Ut- Yt'')dKl'''- < I {Ut- Yt'' ')dK^ '- = 0. 
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Therefore 



10 

It follows then from Fatou's lemma that 



Jo 



< / [Ut- Yl')dK^- < hminf / {Ut - Y^;')dK^'"' = 0. 
Jo * Jo 

Consequently 



On the other hand 



Hence 



< /^(r^"'* - Lt)dK^+ < /^(y"'' - Lt)dK^ '+ = 0. 
Jo Jo 

Jo 



Applying Fatou's lemma we obtain 



Henceforth 



< / (r" - Lt)dKl'+ < liminf / (y/''* - Lt)dKl'+ = 0. 
Jo * Jo 

Cirr - Lt)dKr = 0. 
Jo 



Now, since = infd_ft'"^*+, dK^' —swpdK^'^ and the measures o?i4r"^*+ and dX"-' are singular, 

it follows that dK"^^ and dK"^ are also singular. The proof of Proposition 3.2 is finished. ■ 



3.3 The study of the Umit Equation ( 1XT91) 

Let (F", Z", 7^"+, if"^) be the process given in Proposition 13.21 the unique solution of the GBSDE 
with two reflecting barriers (13.19p . 

We should recall here that by using standard techniques of BSDE, we get that for all j and n, 

E{KJ}+f +E ( ' I p ds < +0O (3.21) 
Jo 

and then ]E{K^^r)^ < +oo, for all j and n. 

In view of passing to the limit in Proposition 13.11 we get the following. 
Proposition 3.3. For all n > 0, we obtain 

Moreover, Vn > 

< and dK'^+^- < dK^-. 
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In order to study Equation (I3.19p . let us set 

• Y = inf F". 

n 

• dK^ — sup d-ftr""'' , which is also a positive measure. (^3 22) 

n 

• dK^ = inf d/C"^, which is also a positive measure since KJiT < +00, P — a.s. 

n 

The following result states the convergence of the process Z" in L^([0, Tj] x fl). 

Proposition 3.4. Assume that assumptions {H.0)-{H.4) hold. Then there exists a process Z G C^'"^ 
such that, for all j , 

E / |Z" — Zsl'^ds — > 0, as n goes to infinity. 
Jo 

ei2js _ I 

Proof. For s € [0, 1] and j G IN, let us set ip{s) — s. We mention that i/j satisfies the 

following for all s G [0, 1], 

< 12js < < 12jei2Js < 12jei2J. ^'^■^"^^ 

Recall that rf^" = l{s<^^}(iAs, for ?^ G Applying Ito's formula to — Y™), we get for to > n 

and t < Tj, 



+ (/n(s, Yl\ Z^) - f^{s, n"\ ZTWiYp - Y^ds 



Since, iir"+ (resp. i\r"'+) moves only when (resp. F™) reaches the obstacles L, < and 
'(/''(O) = 0, we have 



^P'iYp - Ynd{K^+ - KT+) = - I ^'{Y^ - Ls)dKT+ 
By the same way we get also that 

V-'ln" - YndiK- - KD = I ^'{U. - YDdK: 
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Henceforth 



- YDiz^ - ZT)dB, - i ^ ' ^"(y," - Yn\z7 - ZTl^ds. 

In view of Lemma IXTI (assertions 1 and ^) and Inequality p.23p . we get 



<p^'(n"-rr)i{s<r,.}d^ 

<12j J\'^^iYr~YndA,, 



Us, y«, z^') - Yr, zi^) ] vy(n" - 

< - 



and 



It follows then that 

^(yn _ _^ 1^^' (n" - L,)di^r+ + 12j (f/. - n'")^^^"" 

+12j / ' ei2j(yn _ ym)^^^ + i2j f ' e^^^r]siY^" - Y^')ds - [ ' di?^'"'^' (3.24) 



+j J v/(n" - Yn\z7\'d.s + J ^'(n" - ~ ^rP^^s 
- 2 ' v^'cn" - - zT)dB, - \ £ r{Y: - - ^n'^^, 



where di?"'™'-' is a positive measure depending on n, m and j. In order to understand the terms of 
di?"^™'^, let us give an example. Since 12js < ip'{s), the term 

4,'{Y:^-L,)dKT+, 
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can be written as follows 



>o 

the positive term in the above equation we put in di?"'™'^ , the same holds for all estimates used in 
Equation Now 



= -4j - Yn\z7 - zT?ds ~ 5j £ \z^: ^ zn^ds. 

Coming back to Equation (|3.24p we obtain 

^(y„ _ Y^m) ^ J^^' (Yr - L,)dKT+ + 12j p (C/. - YndKr 

= V(17; - 1^7) + 12j ei2^ ((n" - Yn + l{,„<,<,„j)d^ (3.25) 

^'(n"-r;")(z:^-zr)ds.. 

By taking n = in Equation (jX^ . inequality and the fact that F" - < 1, we get for all 

I ' |Z°-Zri^ds<Cj, 



where Cj is a positive constant depending only on j. 
In force of inequality p.2ip we obtain, for all j,m E IN 

E f ' \Z^\^ds < Cj, 
Jo 

where Cj is a positive constant depending only on j. 

Now, there exist a subsequence ^w^^ of m and a process Z^ G L'^{n, L'^{[0,Tj]; M'^)) such that 

^™'°l{s<T } converges weakly in L^{fl,L^{[0,Tj];lR''')) to the process Z|l{s<^.} as fc goes to infinity 
and 

V^'ln" - - ^r'^)l{.<r,} converges weakly in L-'ifl, L^{[0,Tj]; M-")) to ^^^'(i;" - 



^i)l{s<Tj} as k goes to infinity, since y ip'{Yj^ —Ys converges strongly to a/ ^p'{Y^^ ^ Yg). 
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Now, since 



< liininf 4j-E;^ ' - - zf^l^ds + ^.i^E ' - zT'l^ds 

By taking m = mj., fc > n, in Equation (I3.25P and tending k to infinity, we get 

E^PiY^^ - Yt) + 4j]e£ ^'(n" - Ys)\Z^^ - Zll'ds + QjE j'^' \Z^ - Zl\'ds 
< Ie(^^P{Y^^ - r.,)) + Uje^^^E j\{Yl' - Ys) + l{.>.„})dA 



+12jE f ' e^^^T^siY^ - Ys)ds + 4jE f ' ^'{Y^ - Y,)\Z^^ - Zl\^d. 
■Iff.. Jt 

+AjE J^' ^P'{Y:' -Y,)\Zi\'ds. 



(3.26) 



Hence 



lim E I |Zr - Zirds = 0. 



By the uniqueness of the hmit we obtain that 

Zi{(^)l{a<s<r,(u)} = 2'f+^(w)l{o<s<T,(t^)}, P{duj)ds - a.e. 
For s e [0,T], let us set Zs{u}) = \imZll^s<T,} = ^i^"-'(w), where j(a;) is such that T,(^)(t^) = T. Then, 

for alljeJNE \ Zg P ds < +00. Hence / \ Zg ds < +00, P - a.s. Moreover for all j G iV, we 

Jo Jo 
have ^ 

limiB / ' \Z" - Z,\^ds = 0. (3.27) 

n ' 

Proposition 13.41 proved. 







3.4 Main Result 

Now we are ready to give the main result of this paper. 

Theorem 3.1. Assume that assumptions {H.0)-{H.4) hold. Then the process {Y, Z, , K~), defined 
by \3. 22\) and Proposition 3.4, is the maximal solution for Equation 112.131) . 

Proof. Let us now prove that the process (Y, Z, , K~) is the maximal solution for Equation (|2.13p . 
To begin with, let us show that the process Y is continuous. From Equation p.25p and according to 
Bulkholder-Davis-Gundy inequality, there exists a constant C > such that 

E sup " Ys) 

S<.Tj 

< eU(y:^^ - Yr,)\ + uje^^m r ((y," - k,,) + i{,>,„})dA, 

n n (3.28) 

+12jiE; / e^^^TjsiYr^Ys)ds + 4jE i,' (Y^' - Y,)\Zs\''ds 
Jo Jo 



I v'(n" - Ys) p \z^ - z.pdsj ■ 
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Hence 

limiBsup ^(y," -Ys) = 0, 

and then 

lim^sup I YP -K, 1=0. 

It follows that Y is continuous, since P[U"^i{Tj — T)] — 1. 

Now, in view of (|3.27p there exists a subsequence (^'Cj " such that : 

J 1 +2? J 

1. / IZ^" - Zsfds < and / V - Z^l^ds < 2, 

2. ^^'"(a;) — > Zs{uj), a.e. {s,uj) e [0,Tj] x 17, and | Zs''{uj) \< hi, a.e. {s,lo) G [0, r,-] x fi, where 
H - 2|Z3|2 + 2 ^ - Z, 

^ fc=0 

Hence, in view of Lemma |3. II we obtain 

Jo ^, " 

= E r f.^.is^Yf^Z:'")^ f{s,Yf\Z:''')ds 
= E r f /„, (s, Yf" , Z5 ) - /(s, y"'^ , Z5 1 ds 

Jo \ " / {|Z,^-Z,|<1} 

+E f ' ( /„. (s, Yf" , zr'^ ) - /(s, y"'^ , Zf")) 1 

Jo \ " J {\z,>'-z,\>i} ^ 

<]E r sup (f^,{s,y,z)~ ,f{s,y,z)]ds~Er f{s,Yf\Z:'^)l 

<k/ sup [ f^j{s,y,z) - f{s,y,z)]ds 

Jo {y.z)e[0,l]xB{Z,A) \ '' ) 

+eJ^ ' (^77, + J I Zf" - Zs P +j I p ^ (I Z7' - I Al)ds, 



where -B(Z, 1) is the closed ball of center Z and radius 1. 

But, taking account of Lemma l3. II and using Lebesgue's dominated convergence theorem, we get 
huiE sup (f^j{s,y,z)-f{s,y,z)]ds = 0, 

Jo (,y.z)e[QA]y.B{Z,S) V / 

limiE^ ' (^r^+j I Zf" - Z, p +j | ^ ^ (| - | Al)ds = 0. 

lim E ^ ' (s, r5 , ^r'^ ) - /(s, y"'^ , ^5 )) ds = 0. 

It follows then from Lebesgue's dominated convergence theorem that for all j ^ IN 

limE f ' \ /(s,y"^z5) - f{s,Y,,Zs) \ds^O. 
Jo 



and 



Therefore 



20 



Hence for all j G IN 

limE r I \ds = 0. 

« Jo * 

Since the above limit doesn't depend on the choice of the subsequence (n^.)^ we have for all j & IN 

limU r I Us, Y^, Zl}) ~ f{s, Ys, Zs) \ds = Q. 
" Jo 

It not difficult also to prove that for all j ^ IN 



YmiE [ ' I 5„(s, Y^) ~ g{s, Y^) \ dA, = 0. 



From Equation ([233 (*) we obtain, Vj, sup„ EK"^^ < +00. It then follows from Fatou's lemma that 
for any j £ W, EK^, < +00. Henceforth A'^ < +oo,P-a.s. 
Now let us prove the minimality conditions. We have 



T 



(Ut - YDdxr = 0. 



Hence, since dK = inidK"' , we get 



^((7* - Y^dK- = 0. 





It follows then from Fatou's lemma that 



{Ut - Yt)dK^ = 0. 







On the other hand 



Hence, since Y ~ inf F", we obtain 



f{Yr - L,)dKr = 0. 
Jo 

r {Yt-Lt)dK'^+ =Q. 
Jo 



Applying Fatou's lemma we obtain 



/ (Yt ~ Lt,)dK+ ^ 0. 
Jo 

Now, since dK^ — supdK"^, dK^ — inf diiT"^ and the measures dK"^ and dK'"'^ are singular, it 

n " 

follows that dK^ and dK^ are singular. 

Now it is not difficult to see that the process {Y, Z,K^ ,K~) satisfies Equation (|2.13l) . It remains to 
prove {Y, Z,K^ ,K~) is maximal. Let {Y' ,Z' ,K ^ ,K ^) be an another solution to Equation (|2.13l) . 
By comparison theorem we have that Y' < Y" and then Y' < Y. The proof of Theorem 13.41 is then 
finished. ■ 
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3.5 Existence of maximal solution for Equation ( 12. 6p 

Theorem 3.2. Let assumptions {A.1)-{A.3) hold true. Then there exists a maximal solution for 
Equation 112.6]) . 

Proof. Let {Y t, Zt, K']^ , K i )t<T be the maximal solution of Equation (|2.13p then, for any t < we 
have 



W Yt^i+ fis,Ys,Z,)ds+ g{s,Y,)dAs + 



dR, 



dKt 



dK~ 



ZsdB,,t<T, 



(ii) Y between L and U, i.e. Vt < T, Lt <Yt<Ut, 
(Hi) the Skorohod conditions hold : 



{Yt - Lt)dKt = {Ut^ Yt)dKt = 0, a.s. 



(iv) YeC K ,K e/C ZeC'^'^, 



{v) dK _L dK' 
Now, for alH < r, let us set 



(3.29) 



mt 



irisYs 



dKt ^ ^ 
mtYt 



\n(Yt) 

By using Ito's formula to (- mt, we have 



mt 
T 



f{s,Y,,Zs)ds 



dx: 



dK: 



Z,dB, A<T. 



Therefore it is not difficult to prove that (Y, Z, K'^ , K ) is a maximal solution for the GBSDE with 
two reflecting barriers (|2.6p . This completes the proof. ■ 



4 Applications 

4.1 Application to the game theory 

Our purpose in this section is to show that the existence of a solution (Y, Z, K^ , K") to the GBSDE 
implies that Y is the value of a certain stochastic game of stopping. First introduced by Dynkin 
and Yushkevich [TU] and later studied, in different contexts, by several authors, including Neveu |23| . 
Bensoussan and Friedman P], Bismut [SI, Morimoto P^, Alario- Nazaret, Lepeltier and Marchal [T], 
Lepeltier and Maingueneau [21_, Cvitanic and Karatzas [9J and others, such stochastic games are known 
as Dynkin games. 

Let ^, L, U be as in the beginning. Let Q be a process such that, Vt € [0, T] Lt < Qt < Ut, P — a.s 
and assume that assumption (A.S) holds true. Let F : JR — > Ft he a continuous nondecreasing function 
such that : for every semimartingale S such that L < S < U , F{S) is a also a semimartingale. 
Consider the payoff 

J(A, Cr) = U\l{x<a} + Lal{\>a} + Qcrl{<j=A<T} + 61{ct=A=T} 
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The setting of our problem of Dynkin game is the following. There are two players labelled player 1 
and player 2. Player 1 chooses the stopping time A, player 2 chooses the stopping time a. and J(A, a) 

represents the amount paid by player 1 to player 2. It is the conditional expectation E J(A, cr)) | Tt) 

of this random payoff that player 1 tries to minimize and player 2 tries to maximize. The game stops 
when one player decides to stop, that is, at the stopping time A A a before time T or at T if A = cr = T. 

Our objective is to show existence of a fair strategy, to be precise a saddle-point, for the game and 
to characterize it. We show that, a RBSDE with two reflecting barriers is associated. This RBSDE 
gives the value function of the game and allows us to construct a saddle-point. 



ZsdBs,t<T, 



Consider the following RBSDE 

(i) Yt=^ + 1^ dK+- dK; - 

(m) Vt < T, F{Lt) < Yt <F{Ut), 

J {Yt - F{Lt))dK+ = J {F{Ut) - Yt)dKt = 0, a.s., 

[iv) Fee K+,K-GlC Ze£2,rf, 
{v) dK+ ±dK-. 

Let Aj and be the stopping times defined as follows : 

A* = inf{s >t : ^ = F(f/,)} A T and = inf{s >t : ^ = F{Ls)} A T. 

We have the following. 

Theorem 4.1. Assume the following assumptions : 
j) EF{Lcr)~ < +00, for all stopping time < a <T, where F{L)~ 



(4.30) 



sup(-F(L),0). 



jj) liminf tP 
jjj) liminf tP 
Then 



sup F(?7s)+ > t 

s<T 

sup F(Ls)" > t 

s<T 



= 0, where F{L)+ = sup(F(L),0). 
= 0. 



Yt =E(^F{J{X;,a*t))\J^t 



snpE[F{J{X*t,a))\J't 
mf_E(^F{J{\,a*t))\Tt 
inf sup E(F{J{X,a)) \ Ft 



(4.31) 



= sup inf E[ F{J{X,a)) \ Tt 

where Tt is the set of stopping times valued between t and T. {Yt)t<T can he interpreted as the value of 
the game and (Ao,cro) as the fair strategy for the two players, i.e. for any stopping times X and a, 

E(^F{J{X*o,a))^ <E(^F{J{X*o,a*o))^=Yo<E(^F{J{X,a*o))y 
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Proof. Let {t^)n and (i„ )„ be two nondecreasing sequences such that 



hm inf t^P 



= 0, hminft^P 

n— ^+c>o 



sup (is) >t„ 

s<T 



= 0. 



supF(C/,)+ ><,t 

_s<T 

Let also (ai)i>o and {T^)i>Q be famihes of stopping times defined by 

= mi{s >t-J^ \ Zr f dr >i} AT, rf = inf{s > t : Y,^ > tf} A T. 
It follows from Equation (|4.30p that for every stopping time a E Tt 



mi 



-^t ) -e{y^ 



\ \lA<yf\aif\T„ f\T,ri I \ 

In view of passing to the limit on i and n respectively and using Fatou's lemma, we have 



Yt >e{y+^_^^^_\tA-e{y- 



Now tending m to infinity we get 



Yt > IE{Y+.\Ft] - liminf iB( Y' _ I J"t 



But 



liminf iBI y 



Xt Acta- 



- \Tt 



lim inf 



Aj Acr>r„ 



< I ^0 + liming 



{supF(L,)- > t-} I -^(n^A.I-^* 



where we have used the limit appeared in (j4.32p . 
It follows then that for all cr e 7t, 



Yt > JE{Y+^^ I :Ft ) -je(y-.^^ I Ttj - ie(y,,^, I Tt 



> iBf f(c/a.)1(a-<.} + i^(i.)i{A:>.} + ^^(ga)i{.=A:<T} + ^^(e)i{<.=A:=T} I J't 

= ]E(F{J{\;,a))\Tt 
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Now, for every stopping time A S 7t, we obtain 



" AAct* AQi At„ At,; 



AAcr* AQiAT,„Ar+ ' 



AAct* Act; Ar„, AT; 



+ I J^t 



' AAcTj Ar + 
^ AAct,* Ar„ 



<]e(y+ , +\Tt] - limsupjef Y- , _ +\Tt 
— 1 \A^*A^+i i; -f 1 aact*at,,,at+ ' 



■^*)-^(^A;.,A.,ti-^*)- 



Hence 



Yt+E(Y^^^,\Tt 



It follows that 



< liminf^f r+ , I J"f 

— „ y aa(t*at+ ' 



< ]E[ I J-,) +lim|nf hsu,^,, Fiu.)^>tZ} 



<]EiY+^^.\T, 



Yt < -E Y,-, \ Tt] + E Y+ I Ft 



< ii;(^F({/A)i{A<.n + ni^-)i{A>.*} + nQ.*)i{.-=A<T} + F(e)l{.-=A=T 



= iE;(^F(J(A,a*)) l^t 
In force of inequalities (|4.33p and (|4.34p we obtain that for all cr, A G 7* 



E(^F{J{Xla)) I <Yt< E(^F{J{\al)) \ T^. 



Henceforth 



inf supiB F{J{\l,at)) \ Tt 



< supE[ F{J{X;,at)) I Tt 

creTt 

<Yt 

< M E[ F{J{\,a;)) I Tt 



< sup inf iB( i^(J(A,CT;)) \Tt], 

creTt ^^Tt \ 



and then equality (I4.3ip follows. 
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Remark 4.1. We should remark here that : 

1. If E sn'p{\F[Ut\ + |i^(Lt)|) < +00 then assumptions of Theorem \4.1\ hold true and then we have 

t<T 

proved the existence of a fair strategy for the game under weak assumptions on the data and in 
a general setting since the processes L and U are assumed, in general, to be hounded or square 
integrahle and the function F is of polynomial or logarithmic or exponential type. 

2. If we suppose that F{x) — e^^^ , we have a utility function which is of exponential type and then 
our result can give, in particular, a solution to the existence a saddle point for the risk-sensitive 
problem (see 1121 for more details). 

4.2 Application to American game option 

Following the same idea as in Hamadene [16J, we discuss, in this section, American game option pricing 
problems in finance and their relationship with RBSDEs. Consider a security market A4 that contains, 
say, one bond and one stock. Suppose that their prices are subject to the following system of stochastic 
differential equations: 

dS° = rS]?dt, S^>0 
dSt^ St{bdt + 5dBt), So>0 

Let X an J-"f-measurable random variable such that X > 0. A self-financing portfolio after t with 
endowment at time t is X, is a P-measurable process tt = (/3s, 7s)t<s<T with values in IR^ such that: 

{i} ^ (I /3s I +{lsSs)^)ds < ^. 

{ti)liZ^^^ =(3sS°^+-fsSs, s<T, then ZJ'^=X + y" PudS^ + J 7„d5„, Vs < T. 

Let £,,L,U be as in the beginning such that < L < U. Let Q be a process such that, \/t e [0,T] 
Lt < Qt Ut, P — a.s., and assume that assumption (A. 3) holds true. 

Definition 4.1. A hedge against the game with payoff 

J{s, A) := C/a1{a<s} + Lsl{s<\} + Qs^{s=x<t} + ^1{s=a=t}, 

after t whose endowment at t is X is a pair (tt. A), where n is self -financing portfolio after t whose 
endowment at t is X and a stopping time X>t, satisfying: P-a.s. Vs G [t,T], 

Zl'f^ > J(s, A) := C/a1{a<s} + Lsl{s<\} + Qsi{s=\<T} + £,^{s=x=t}- 

Definition 4.2. The fair price of a contingent claim game is the smallest initial endowment for which 
the hedging strategy exists. It is defined by 

Vt :== inf{X > 0, 3{tt, A) such that Zj;^ > J(s, A), Vt < s < T, P - a.s.}. 

Now, let P* be the probability on (ft, T) under which the actualized price of the asset is a martingale, 

i.e. 

dP* / 1 \ 

^ := expi - 5-\b - r)Bt - -{S'^b - r)ft\ , t<T. 
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Hence the process Wt = Bt + S ^{b — r)t is an (J^t, P*)-Brownian motion. 
Let consider, on the probabihty space .F, 7-"*), the following RBSDE 



(ii) yt < T, e-^'Lt <Yt< e-^^t, 



f {Yt - e-'^'Lt)dK+ = [ [e-'^'Ut - Yt)dKf = 0, a.s., 
Jo Jo 



(4.35) 



(iv) Y eC K+,K- eK. Z e r^.d^ 

(v) dK+ LdK^. 

Let and the stopping times defined as follows 

At inf {s >t ■.Ys = e-^'Ws} A T and al = inf{s >t : Y^ = e'^'^L,} A T. 
It follows from the previous section that for all a,X € Tt 



1E( J{X;,a) \J^t\<Yt=]Ei J{X;,al) | J"* < iB J{\,a;) \ Ft 



where 



J(A,(t) 



-r\ 



t^Al{A<cr}+e '''^Lo-l{A>cr} + e ''^Q<7l{<7=A<T} + e '''' $1{<^=;|^=T}• 



-rT/ 



We have the following. 

Theorem 4.2. Assume that liminf <P*(sup \Us\ > t) = Q. Then, for any t <T, Vt = e^^Yf. Moreover 
there exists a hedge after t against the option given by: 



Is 



l{s<xn and = (^e'^'iYt + Z^dWu) - jsSs^ {S°)-\ Vs G [t, T]. 



Proof. Let (tt. A) a hedge after t against the option. Therefore \ > t and tt = (/3s, 7s)t<t<T is a 



self- financing portfolio whose value at Hs X satisfying Z^j/^ > J{s, A), < s < T. But 



/sAA 
7«5'„e-™rfW„ > e-''(^^^)j(s,A), Vi < s < T. 

Let a a stopping time > t. Putting s = a and taking the conditional expectation we obtain 

e-'-'X >E*( e-''('"^^) J(a, A) | . 



Then we have 



e-^^X > snp IE* { e'''^'"^^) J(ct, A) | ) > inf sup JE* ( e 



A>t , 



-r(<7AA) 



J(a,A)J-t =Yt. 



Henceforth Vt > e'"*lt- Let us now prove the reverse inequality. It is not difficult to see that 

r-sAAt* 



ZudWu < e-'^(^^^*)j(s,A;), < s < T. 



and ps = (^e^'{Yt + Z^dWu) - 7sSs^ {S°)-\ 



Now if we put for all s € [t,T] 7^ = ''' I{s<a;} 

Hence (/3s, 7s)t<t<T is a self-financing portfolio whose value at t is e^^Yt. On other hand e''(*^^')(Yt + 

/.sAA* 

/ ZudWu) > J(.s, Aj), Vs e [t,T]. Hence ((/3s, 7s)t<f<T, A^ ) is a hedge against the game option. 
Then e''*Yt > Vt. Henceforth e^*^* = Vt. ■ 
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5 Appendix 

A Comparison theorem 

The comparison theorem for real- valued BSDEs turns out to be one of the classic results of the theory 
of BSDE. It allows to compare the solutions of two real-valued BSDEs whenever we can compare the 
terminal conditions and the generators. This section is devoted to show a comparison theorem for the 
following GBSDE with generator hdAs'. 

(i) Yt=^ + h{s, Ys,Zs)dA, + dK+ - dK; - Z,dB, t < T, 



it) Vt <T, Lt<Yt< Ut, 

iii) I {Yt - Lt)dK+ = [ (Ut- Yt)dK- = 0, a.s. 
Jo Jo 

iv) Y eC K+,K- elC Z e C^^'^, 

v) dK+ ±dK~. 



(A.36) 



Let (y*. Z*, _ft''+, 1^*+) (i — 1,2) be two solutions of Equation (|A.36I) associated respectively with 
{^^,h^,A^,L^,U^) and (^^, ft,^, A^, L^, [/^), such that, for {i ~ 1,2) the following assumptions are sat- 
isfied : 

(D.l) U : [0,r] X f2 — > MV} {-oo} and [/* : [0,T] x f7 — > K U {+00} are two continuous barriers 
processes satisfying 

L\<L\ and f/i < C/^, Vi G [0, T]. 

(D.2) e < e- 

(D.3) A* e /C and for all (s,w), h^{s,Y^ , Zl)dAl < h'^{s,Y,\ Z^dA^. 
(D.4) There exist two processes a G /C and b G >C^'^ such that : 

[h^is, YlZ]) ~ h^{s, Y^, Zl))dAl <\Y}- I das+ \ Z] - | bsds. 



Set Tt — e°'*^-l'o ''^'^^^ 2 lo l^'sl where the processes a and b are defined as follows : 

^1 ^2||1{^.V^?}- 



IW^I'''-'^''''' 



We have the following. 

Theorem A.l. (Comparison theorem) Assume that assumptions (D.l) — {D.4) hold true. 



i) If lim inf r P 



sup r,(y/-y,2)+>^ 

0<s<T 



0, we have Y^ < Y^ , for t £ [0,T], a.s. 



a) If Y^ < Y^, for t e [0, T], a.s., then : 

l{u.^uf]dKl~ < dK^~ and l^L\=L-}dKt^ < dX]^ 

Before giving the proof of Theorem lA.il let us give the following remarks. 
Remark A.l. It should be noted that : 
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1. IJEsn^Tt{Y^ - < +CX) then lim rP 



sup r,(r/-r/)+ >r 

0<s<T 



2. If there exist constants C > and p > 1 such that 



ar + [ \ bs \^ ds < C and ]Esnp{(Yt^ 

Jo t<T 



Y^^)+)P < +00, then we obtain Esu■pTt{Y^^ - < +oo. 

t<T 

3. If W = +00, then dK^' =0, for i = 1,2. 



I If U = -oo, then dK'+ = 0, for i = 1, 2. 
Proof of Theorem lA.ll It follows from assumptions (D.3) and (D.4) that 

dR^ := h\s, y/, Zl)dAl~Y}das - {Zl,bs)ds < dR^ := h^{s, Y^^, Z^^)dAl-Y^^das - {Zl,bs)ds. (A.37) 
By Ito's formula we have, for i = 1,2 

TtYi^T, ^TtC+J^ Ts[h\s,Y:,Zl)dA'^+dKl+ -die- ^ZldB, 



Then there exists Z e £ ' for i = 1, 2, such that 



= r + / ^sdR' + I TsdKl 



TsdKl- 



ZdBs, 



(A.38) 



where ^ = TtC ^i^d dR^ is defined in Inequality (jA.37p . 

i) Let (t„)„>o and {(7n)n>o be two families of stopping times defined by 

T„ = inf{s > : / \zi-Zl\^du>n}AT, t7„ = inf{s > : r,(r/ - Y^^)+ > i„} A T, 



where is a sequence tending to +oo and satisfying lim t„ P 

71— >- + 00 

By Ito-Tanaka formula we get 



sup r,(y/ > t„ 

0<s<T 



0. 



= rT-„ACT,„ (^r„Ac7m ^ -^TnAo-m)^ + 



tAT„A(T„i ^ ' ^ ' 



=0 >0 

Tsl{Y}>Y^} (dRl - dRl) - i Ts{l^Y}>Y^}dK^^ - ls^YlyY^^^dK^'^) 

tAr„A(Tm V ' JtAT„Acrm v ' ^ v ' 

<0 >0 =0 

^{Y}>Y^}{^ s ^ Z^)dBs — / dhr, 

where (/it)te[o,T] is continuous and nondecreasing process. Taking expectation in both sides, it follows 
that 

-2?rtAT„A(T„ (ytAr„A(T„, ^ ^i/\r„Acr,„)^ ^ -^^7-^ Acr„ (^^t"^, Acr,„ ^ ^T„A(T„)^- 
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Using Lebesgue's convergence dominated theorem we obtain 

< ET,^{Y^^ - i;2^)+l{,,„<T} = t,„P(cT„, <T)= t„,P 



SUPo<,<Tr.(F/-n')+ >in 



Taking the hmit in both sides, as m goes to +00, of the above inequahty we have 

]E{Tt{Y,'^Yl)+)^0. 

Hence < Y^^, for t e [0,r], a.s. 

a) Assume that Y^ <Yf., for t G [0, T], a.s., which is equivalent to Y^ < Y^, for t € [0, T], a.s. Coming 

2 1 2 1 

back now to Equation fjA.38p and applying Ito-Tanaka formula to {Y^ —Y^)~^ = Y^— Y^ we get 



1 ^yl _y2 -j^C^/g 



\yl^y-j [TsidK^+ - dKl+) - Ts{dK^r - dKl- 

where {lt)te[o.T] is continuous and nondecreasing process. 
Since dK^+ I dR-^ and dK^+ ± dR-"^ , we obtain 



and 

Consequently 
and 



^Li^LudK^+ ^ l^-,_-,_-,_-,^dKl+ < dKl' 



l{ui=ui}dKl-~ < dKl- 
This completes the proof of Theorem lA.ll 



B Existence and uniqueness of solutions for GBSDE under strong| 
assumptions on the coefficients 

The goal of this section is to study the existence and uniqueness of the solution of GBSDE (|2.6p under 
strong assumptions on the coefficients. 

We assume the following assumptions : 

(C.l) (i) / is uniformly Lipschitz with respect to {y,z), i.e., there exists a constant < Ci < 00 such 
that for any y, y' , z, z' £ IR, 

|/(^, t, y, z) ~ f{Lu, t, y', z')\ < Ci{\y - y'\ + |z - z'\). 

(a) There exists a constant C2 > such that for all y, y' , z, z' e J?, — C2 < /(w, i, y, z) < 0. 

(C.2) (i) g is uniformly Lipschitz with respect to y, i.e., there exists a constant < C3 < 00 such that 

for any y, y' £ 

\g{uj,t,y)-g{u:,t,y')\<C3\y-y'\. 

{a) For all t e [0,T], y e M, -1 < g{t,y) < 0. 
(C.3) For aU t e [0,r], < Lt <Ut <1. 

(C.4) There exist constants C4, C5 > such that At < C4 and | R \t< C5. 
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Theorem B.l. Let assumptions (C.l) — (C.4) and (H.4) hold true. Then there exists a unique 
solution for Equation 112.6]) . Moreover, 



E [ \Zs\^ ds + lE{K$ f < +00. 
Jo 



Proof. Uniqueness follows directly from comparison theorem. Let us focus on the existence. 

Since the assumptions made in this part are classical, we just give the main steps of the existence proof. 

Step 1 . Assume that g = 0. Let Z e L^{[0, T] x fl; R'^) such that 

Rj,-Vt^ E{Rt ~Vt)+ [ ZsdBs, 

Jo 

where V is the process in (H.4). 
Define L and U as follows: _ 

Lt^Lt + Rt- E{Rt - Vt I Tt) 
Ut^Ut + Rt- E{Rt - Vt \ Ft), 

Let us also define two nonnegative supermartingales 9 and C, by 

t^So + E{Vt + Rt I Ft) -Vt- Rt 
T I Ft) - Rt 



Ct = E{R+ I Ft) - R+ 



It is not difficult to see that 



Lt<et-Ct< Ut 



and then (L, U) satisfies Mokobodski's condition. It follows then from Cvitanic and Karatzas |H] or 
Bahlali et al [5] that there exists a unique solution to the following GBSDE with two reflecting barriers 



(i) Yt^i + VT+ fis, Y, - R, + E{Rt - Vt \ Fs), Z, + Z,)ds 



dK: 



ZsdBs,t<T, 



(ii) yt <T, Lt<Yt< Ut 



(B.39) 



(iii) J [Yt - Lt)dK+ = J (Ut- Yt)dK- - 0, a.s. 

(iv) YeC K+,K- <E JC "z e M'^''^, 



[ (v) dK+ _L dK-. 

Hence (r —Y.-R.+EiRT-VT \ F.), Z, —Z. + Z,, K+, iC-) is the unique solution of the following 
GBSDE 



« Yt^^ + f{s,Y,,Z,)ds + 



dRs 



dK+ - / dK. 



Z^dB,^ 



[li) <T, Lt<Yt< Ut 



,t<T, 



(mi) J {Yt - Lt)dK+ ^ J {Ut- Yt)dK~ = 0, a.s. 

(iv) YeC K+,K- eK^ Z e M^-^, 



L {v) dK+ ± dK- 
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Step 2. Assume now that 5 7^ 0. We prove existence of solutions by using a Picard approximation. Let 
{Y°,Z°, K+'°, K^°) = {S, 0, 0, 0) and consider the fohowing BSDE with two reflecting barriers 

Jt Jt Jt 



dK 



Zl'+^dB^,t < T, 



(B.40) 



dK+'''+^ - 

(u) \/t < T, Ll < Yt"+' < Uu ' 
{in) the Skorohod conditions hold : 

j - Lt)dK+'"+' = j {Ut- Yr+^)dK-'^+^ = 0, a.s. 

which admits a solution due to Step 1. 

By using standard calculations for BSDEs one can prove that there exists a process Y e (fi, C[0, T] )| 
such that 

lim ^sup(y"-yt)^ = 0. 

Let {Y,K~^,K~,Z) be the solution, which exists according to Step 1, of the following GBSDE with 
two reflecting barriers 



(i) Yt=^+ r f{s,Ys,Z,)ds+ r g{s,Y,)dA,+ f 
Jt^ ^ Jt ^ Jt 

+ [ dK+^f dK- - f Z,dB,,t<T, 
Jt Jt Jt 



dR, 



ill) Vt <T, Lt<Yt< Ut, 



(B.41) 



{in) 



j {Yt - Lt)dK+ = J {Ut- Yt)dK^ = 0, a.s. 

{iv) y e C K+,K- Z& M'^''^, 

y {v) dK+±dK-. 



It is not difficult to prove that there exists a constant C > such that 



Hence 



It follows that for all s < T 



^sup(y4"+^ - Yt)"^ < CiE;sup(yt" - y)^ 

t<T t<T 



lim iBsup(y"-yt)2 = 0. 



E sup I Ys - Y, 0, 

s<T 



and then for all s < T , y^, = y^, P— a.s. The proof of existence is then finished. 
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